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1. INTRODUCTION 
Long before quantum mechanics there was a classical scattering theory, 
beginning with the introduction of probabilistic concepts into the kinetic 
theory of gases. It is still growing in practical and theoretical importance, and 
provides the mental picture of scattering employed by most users of the 
predictions which come out of quantum mechanics. For them the quantum 
S-operator (scattering operator or S-matrix) is just a way to calculate cross 
sections for incorporation into a classical model which, when made precise, is a 
discontinuous Markov process [l , 2, 31. 
Modern perturbation theory for linear operators has been successfully 
applied to scattering in quantum mechanics [4, Chap. X, Sect. 31. The 
purpose of this paper is to adapt these methods back to the older classical 
theory, in particular the century old theory of radiative transfer and its 
forty year old application to neutron transport theory. 
In both quantum and classical scattering the temporal evolution of the 
system is described by one-parameter semigroups of linear contractions, 
unitaries in the case of quantum mechanics and probability-preserving 
operators in the case of Markov processes. Let U be the semigroup for the 
unperturbed system and V the semigroup for that system after it has been 
perturbed by the presence of a scatterer, a perturbation such that, loosely 
speaking, systems coming in from a great distance are under its influence for 
only a finite length of time before receding out to infinity again. Away from 
the scatterer, V is approximated by U. Asymptotically the sole effect of the 
scatterer is to transform an unperturbed incoming motion in the distant past 
into an unperturbed outgoing motion in the distant future. This transform is 
the S-operator. 
An influential school of physicists assert that in the case of elementary 
particles this transformation is all that we can or need observe [5]. All 
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experimental data is contained in the S-operator. The interpolating v-motion 
between asymptotic U-motions at t = Fee is theory. The S-operator 
represents all empirical fact. 
The main result of this paper (Theorem 3) is the classical stochastic 
analog to the result in quantum mechanics [4, Chap. X, Sect. 3, p. 5271 
which connects the presumed interpolating time-dependence of the system 
with its asymptotic motion, connecting theory with fact [6, 71. 
The prerequisites from [8] are reviewed in Sect. 2. V is constructed as an 
infinite series expansion (2) in the collision number n, the Neumann (Born) 
series solution to the “first-collision” integral equation (3) of the Markov 
theorists [I, Eq. (2.5); 3, Chap. IV, Eq. (7.2)]. 
In Section 3 the scattering theorems are proven. The statement that the 
system eventually escapes from the influence of the scatterer translates into 
the statement that v(t) p can be approximated by U(t - t,) V(tJ p for all t 
greater than some fixed t, depending on the probability distribution p and the 
degree of approximation E (Theorem 1). 
Equivalently, if U(t) is defined for all real t, 
Pil q-t> V(t) 
exists (corollary to Theorem 1). U is then a one-parameter group of auto- 
morphisms used to transform the problem into a moving frame of reference 
in which the unperturbed motion is stationary (“method of variation of 
constants”). In this time-dependent representation V(s) becomes U(., .) 
where we have the following. 
DEFINITION 1. 
wz > t1> = V-h) wz - td WI> for+co>t,>t,>--co. 
The perturbed system pt, = V(tl) ,u,, at time t, , as represented in the moving 
frame by V-h) it, , is transformed by U(tz , tJ into the perturbed system 
pt, = V(t,) p0 as represented by U(-tJ pt, . Then the above limit of 
U(-t) V(t) defines a contraction U(+co, 0) by U(t, 0) -+ U(+co, 0), the 
analog of the “forward perturbed-to-free wave operator” [lo, Sect. 41 in 
quantum mechanics. 
The analog of the (“forward free-to-perturbed” [9, Sect. 41 Moller wave- 
matrix [6, 41 is defined by the limit 
up, t> - U(O, -a), 
when it exists (Theorem 2). The key inequality in the proof follows from the 
“first-collision equation” (3). as in the quantum case [lo, p. 851. 
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The main theorem (Theorem 3) is obtained by putting Theorems 1 and 2 
together to get the existence of the S-operator, 
U(+co, -co) = U(+co, 0) U(0, -co) = lim U(t, -t). t++m 
In Section 4 some applications are discussed. 
Theorem 1 can be used when U(t) is not invertible, e.g., to describe 
asymptotic properties of Brownian motion perturbed in a region to which 
the system will return with vanishing probability as t---f 00. However, the 
motivation for this paper came from the deterministic case where U(.) is not 
only a group, but is induced by a measurable flow in phase space X. The 
flow takes each x0 E X at time t = 0 into xt E X at time t and carries TV along by 
( w CL) w = PC% I Xt E Y>) 
for all measurable Y C X. 
(1) 
For example the flow can correspond to the free flight of classical particles 
through empty space, rectilinear trajectories for neutral particles (neutrons, 
photons), or curved orbits for charged particles in a field. 
The traditional S-matrix of radiative transfer theory is shown to be a 
submatrix of U(+ co, - 00) containing significantly less information about 
asymptotic behaviour of the scattered radiation. 
The existence of U(+oo, 0), U(0, -co), and U(+CO, -CO) is verified for 
branching processes representing subcritical nuclear reactors. 
2. THE MARKOV PROCESS 
In this section the relevant results from [8] are briefly reviewed and 
adapted. The Markov theory and notation is taken from the first two chapters 
of Dynkin’s book [I 11. 
Probability distributions p are contained in the Banach space V(X) of all 
totally finite, signed measures on measurable subsets of the phase space X, 
with total variation norm. Let &J(X) be the Banach space of all bounded, 
measurable, real-valued functions f on X, with the sup norm 
The bilinear form (., .) from g(X) x V(X) to the reals, defined by 
embeds 5@(X) isometrically in V”(X)*. Then U(t)* L%(X) C@(X) [l I, 
Sect. 2.41. 
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CONV-FNTION. If the operator C has domain and range V(X), then C* 
is (re-)defined as the restriction of the full adjoint to B(X), in both domain 
and range. 
We assume that U is stochastically continuous: 
&( U(h) 6,) (Y> = 1 
for any open Y containing x. Then U is uniquely determined [ 11, Theor. 2.31 
by its w-infinitesimal generator 
A- = wh4,m(U(h)* - 1)/h. 
The perturbed semigroup V is uniquely determined by a certain extension 
of A- + B* [8, Theor.], where B = B, + B, is the perturbation which 
superimposes the discontinuities (“collisions” or “jumps”) on U. B, and B, 
are defined, on a domain given precisely in [8, Sect. 11, by 
and 
POP) (Y) = J; b,(x) 444 
(B+) (Y> = s, G’> 44x>, 
for all measurable Y C X, where --b,(x) is the jump rate at x, 0 ,< vz E V(X), 
and -~,(Y)/b,(x) is the probability of a jump into Y, conditional on a colli- 
sion at x. 
Following Moyal [l] and others, Y is constructed as the Neumann series 
solution 
f7= f SF’ (2) 
?8=0 
to the “first-collision integral equation” 
V(t) = Uo(t) + j-’ V(t - s) B,U,(s) ds. 
0 
(3) 
The operator-valued integrals are weak integrals defined in the usual way 
[8, Section 21. U, is the subprocess with termination density 4, [l 1, p. Ill. 
s(o) = 1 u 0 and S?‘(t) = I” Uo(t - s) B1S~-1)(~) ds. 
0 
The superscript n is the collision number. 
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The series (2) can be formed in any case, but it represents a Markov 
process, i.e., is probability conserving, if and only if [8, Theor.] a certain 
remainder term rjn) goes to zero as 12 --f co, where we have the following. 
DEFINITION 2. 
@j(x) = (LLI Iof @j(s) ds Sz) 
and, for convenience, (.) has been defined by 
(P) = P(4 
for all p E Y”(X). 6, is Dirac’s probability distribution with support the one- 
point set {x}. 
Difficulties arise when b, is unbounded, as it must be for branching pro- 
cesses. However, in these and other applications there is a decomposition 
X = uz=,, X, for closed X, such that 
(i) U(t) T(X,) C V(X,n) for all m and t 2 0, 
and 
(ii) b, is bounded on each X, . 
This condition is sufficient for the desired results and will be assumed 
throughout the paper. 
Then we can extend V”(X) to a larger space, the projective limit 
km., Y-(x,), consisting of all signed measures on measurable subsets of X 
that are totally finite on each X, . By a similar limiting operation one can, 
in a natural way [8, Sect. 21, extend an operator C with domain and range in 
V(X) to an operator C‘ with (possibly) larger domain and range in 
h V(X,). The domain of B,,’ for example, using condition (ii) above, is 
all of @ V”(X,). 
Now we can use the fact that 
U;(t - s) B; V(s) V(X) C V(X) 
for almost all s E [0, t] (even though B; V(s) V(X) may not be) [8, Sect. 21, 
to define the “last-collision integral equation” 
v(t) = U&) + It U,,‘(t - s) B,‘V(s) ds 
0 
(4) 
[S, Eq. (3)], also satisfied by V [8, Theor.]. 
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3. THE SCATTERING THEOREMS 
First we investigate the asymptotic properties of V(t) as t -+ fcu by 
comparing it with U(t). We would expect V(s + t) p,, to be approximated by 
U(s) V(t) p0 if the effect of the perturbation eventually dies out and the 
expected number of collisions yet to occur goes to zero. This number is 
measured by rJnJ. 
LEMMA 1. 0 < TF) EL%(X) and 11 TJn) [I < 1. 
Proof. ] r?)(x)1 < 1 by the inequality 
s 
O” II Wi’%) CL IIds < II CL II
0 
from [8, Eq. (S)]. rJla) is measurable, so it is in G?(X) and /I rJn) 11 < 1. 
Q.E.D. 
(y In), po) is the probability that more than n collisions have occurred by 
time t if the system is distributed according to p. at time zero [8, Eq. (7)]. 
By monotonicity, uniform boundedness, and Fatou’s lemma we have the 
following. 
DEFINITION 3. 
ry = w;.-irn rp’ 
exists. (vg), po) is the probability that more than 11 collisions will occur at 
any time in the future. So, as one would expect, 
DEFINITION 4. 
yy  zrz w;-ll I$' 
exists, again by monotonicity, etc., since 
p)(X) - &qx) = li+i(rln+l) - ry, 8,) = I,i(-p(t) 8,) < 0 
by 1% ‘3. (7)l. 
Note. rc) is not in general equal to w-lim,,, rim). Indeed the latter, by 
probability conservation [8, Theor.], equals w-lim 0 = 0. 
(P$“), po) is the probability that an infinite number of collisions will 
occur. Since with probability one this can happen in no finite time interval 
(rj”) = 0 by [8, Theor.]) it must be the case that if (r&J’), po) > 0 the influence 
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of the perturbation never dies out, V(s + t) p0 is never approximated by 
U(s) V(t) CL,, no matter how large t becomes. It is the other case, (rim), pO) = 0, 
in which we would expect the approximation. 
DEFINITION 5. 
x(+) = (x E x 1 Tj$(X) = O}. 
THEOREM 1. p E V(X’+‘) implies \I( V(s) - U(s)) V(t) p 11 --+ 0 as t -+ + GO, 
uniformly in s > 0. 
Proof. 
(V(x) - U,(s)) V(t) p = JS U,‘(s - s’) B; lqs’) ds’lqt) p 
0 
by (4). Therefore it equals ji U,,‘(s - s’) B; I’($’ + t) ds’p by the (usual) 
definition [8, Sect. 21 of s: . N ow, by the Neumann series (2) expansion of 
q + t), 
(V(s) - U,(s)) V(t) p = go Ls U,,‘(s - s’) B;S:“‘(s’ + t) ds’p 
+ is U,‘(s - s’) B; f  S:“‘(s’ + t) ds’p. 
0 N+l 
The remainder term is 
s 
t+s 
t 
U,,‘(s + t - s’) B; 5 Sp)(s’) ds’/~. 
N+l 
By the Hahn-Jordan decomposition we can assume p >, 0. Then by mono- 
tonicity of the integrand this remainder term is 
s 
t+s 
< U,‘(s + t - s’) B1’ 5 S:‘z’(s’) ds’p, 
0 N+l 
Again by monotonicity, the order of J-r’ and CI+, can be switched, so it 
equals Cz+, Sp)(s + t). And by [8, Eq. (7)] it has norm 
s 
e-t 
< B$p+l) (s’) p) ds’ = (r;~~‘, /A> < (ri‘+‘), p) ---f (rp’, p) = 0. 
0 
So for any E > 0 there exists an N, such that this remainder term has norm 
less than c/2 for N = iV, . 
DISCONTINUOUS MARKOV PROCESSES 585 
Now, for each term in the initial sum, 
1’ (U,(s - s’) B,Sl”‘(s’ + t) p) ds’ < 1’ (B,Sl”)(s’ + t) p) ds’ 
0 0 
= (r,‘,“b h, ) -rt PP. 
But yin) tW ~2,“’ ast++co,so 
(P’ t+s - It(n), p) < <ry - rt(n), p) -+ 0 
uniformly in s > 0, as t -+ + co. Therefore there exist t, such that 
I ’ (U,(s - s’) B,Sl”‘(s’ + t) p) ds < 4(2N,) 0 
for all t 2 t, . Therefore 
llvw - UOW) w II II < E 
for all t 3 sup(to ,..., tN). 
Moreover, since V > 0 and U,(s) > 0 and, by [8, Eq. (I)], U(s) 3 U,(s), 
we have 
II(W) - U,(s)) w P II = <U(s) V(g) p) - (U,(s) W) CL) 
= II U(s) v> P II - II U,(s) w II II * 
SO E < II( U(s) - U,(s)) V(t) p 11 would imply 
II uow w> P II -=c II w WI CL II- E. 
But U(s) and V( ) s are both isometries on nonnegative measures, so 
II U(s) W) P II = II w w CL II
and we would have 
II Ucl(s) w P II < II w w CL II - E7 
contradicting II( V(s) - U,(s)) V(t) p I/ < E above. Therefore 
6 2 II(W) - UOW) w CL II > 
and hence 
IIuw - W) W) P II < 2E for all t > sup{t, ,..., tN}. 
Q.E .D. 
409/47!3-10 
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Now assume that U is a one-parameter group, so U(t)-r = U(--t) exists, 
as does therefore the U(t, 0) of Definition 1 for all t 3 0. Then 
COROLLARY. The strong limit U( t, 0) --) U( + 00, 0) exists on the domain 
9( U( + CD, 0)) 3 V(X(+)) and preserves probability. 
Proof. Let t, be the number from Theorem 1 which guarantees that 
il W VJ CC - UN Vk) P II < E 
for all s > 0. Let t = s + t, . Then, since 
and 
U(t, 0) = U(-t) v(t) = U(-tJ U(-s) V(s) lqt,) 
II UC-t,) UC-0 G 19 
we have, after left multiplication by 
U(-tJ U(-s) = U(-t), II Wt) W) P - V-t,) Vt,) P II < 6; 
i.e., 
I/ w9 0) P - UP, 9 0) P II < E 
for all t 3 t, . So the limit of U(t, 0) exists strongly. 
Further, (p} = (V(t) p) = (U(- t) V(t) p) = (U(t, 0) p) for all t 3 0, 
so (,u) = (U(+co, 0) p) and the normalization I/ p 11 = 1 = (p) for prob- 
ability distributions p > 0 is preserved in the limit. Q.E.D. 
As remarked in Section 1, deterministic unperturbed processes are of 
special interest. There a flow on X induces U by (l), and U(t, 0) exists. The 
Corollary takes care of the t + +co half of the main theorem (Theorem 3 
below). The other half, t + 00, the existence of the “wave operator”, is 
taken care of in Theorem 2. 
DEFINITION 6. 
x’-’ = /x,+X/ j;wbO(x,ds) > --ml. 
THEOREM 2. The strong limit U(0, t) + U(0, --03) exists on the domain 
B( U(0, - co)) r) V-(X(-)) and preserves probability. 
Proof. 
by (3). 
U(t, t’) = U(-t) V(t - t’) U(t’) 
= 77(-t) Uo(t - t’) u(t’) 
+ U(-t) jot-t’ V(t - t’ - s) BIUo(s) U(t’) ds 
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Define 
Then 
F(t, t’) = q-t) Uo(t - t’) U(t’). 
il( u(t, f) - F(t, t’) p I/ < /I jot-’ V(t - t’ - s) B,U,(s) U(t’) dsp /I 
since U(-t) is a contraction. 
But F(t, t’) is the operation of multiplication by the function 
fbo) = exp It; 44%) & 
i.e., 
(W t’> P> (Y) = jy ~XP (j-l (k&4 4 s) 444, 
so, by Lebesgue’s bounded convergence theorem, 
F(t, t’) +I on V(XC-)) as t’<t-+-co. 
Further, &ce V is a contraction, U 3 U,, , and we can assume ,u > 0, 
11 j’-“’ v(t - t’ - s) B,&(s) U(t’) dsp jl < j’“’ (B,U,(s) U(t’) p) ds 
0 0 
s t-t’ < (B,U(s + t’> P) ds. 0 
By conservation of probability [S, Sect. 11, B*l = 0, so (B,(.)) = -(B,(.)) 
and 
Ij s”-’ v(t - t’ - 4 B,&(s) U(f) dsp 11 < - I”“’ (B,U(s + t’) p) ds 
0 0 
t-t’ 
=- 
s I 0 
x b,(x) d( U(s + t’) p) (x) ds t-t’ =--- I s xc-) b o (xs+t,) d&o) ds 0 
s s 
t-v 
ZZ--- 
x(-j 0 
bob+,*) ds d&o) 
s 1 
t 
<-- 
X(G) em 
bo(d ds d&o), 
though this Iast term is, conceivabIy, infinite. 
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X(-Q’ = ~xoEX~S_U~bo(xe)ds > -*I . 
Then li(U(t, t’) - I) p 11 --+ 0 as t’ < t--f --co for all p E Y-(X(+)). But 
X(-n) t Xc-1 as n --+ co, so (J,“=, V(X(-“J) is strongly dense in V(X(-)) and 
U(t, t’) + I on all of Y-(X(-)) by the Banach-Steinhaus theorem. 
Therefore 
U(0, t’) - U(0, t) = U(0, t) (U(t, t’) - I) -+ 0 
ast’<t-+---co. Q.E.D. 
Now by putting these two theorems together we get conditions for existence 
of the scattering operator. 
THEOREM 3. If  rLm) = 0 and Xc-) = X, then the strong limit 
U(tz , tJ - q+ a, - 00) = u(+ a, 0) U(O, -a> 
as t, and -t, -+ + 03, exists and preserves probability. 
Proof. Both limits U( + 00, 0) and U(0, -co) exist strongly, and U(t, , 0) 
and U(0, tJ are uniformly bounded, so 
U(tz , tl) = up, , 0) U(O, tJ --f q+co, 0) f-J@, -a). 
Q.E.D. 
The following corollary is of use in applications. 
COROLiARY. If - Jr b,(x,) ds < 01, a constant independent of x,, , then the 
conclusion of Theorem 3 holds. 
Proof. 
t 
- 
s t, h&4 ds < 0~ 
for all t > t’, so Xc-) = X, 
and we need only show that r&? = 0. 
Since Uo(t) = U(t)F(t, 0) > e-aU(t), this will be a consequence of the 
following lemma, proven for general U not necessarily of the deterministic 
type induced by a flow in X according to Eq. (1). 
LEMMA 2. If  U,,(t) 3 e-uU(t) for all t > 0 and some OL > 0, then ~2) = 0. 
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Proof. 
+y - /p), -) = w;f~m(Sp+qt) *) 
by P3, Eq. (7)l. So 
(/$ - T(y), -) = w-&m f  (U,,(t - s) &SF)(s) a) ds 
> e-” 
s 
m (B,S,‘“‘(s) .) ds 
0 
--u (n) =e rm. 
so 
(1 - e?) rk’ 3 r?) and (1 - e-‘), r$’ 3 ri$. 
But 0 < (1 - e-=) < 1, so rp) -P 0. Q.E.D. 
It is worth noting, for future reference, that the identity 
w, 3 tz) w, , h) = U(t, , t1> (5) 
which holds for all finite t, > t, >, t, , also holds for infinite ti . This follows 
from the strength of the convergence and the uniform boundedness of the 
operators, as do the identities (“intertwining relations” [6, Sect. 51) 
U(m, 0) w = U(t) U(% Oh (6) 
U(0, -co) U(t) = V(t) U(0, -co), (7) 
u(+co, -co) U(t) = U(t) u(+co, --al). (8) 
4. APPLICATIONS AND EXAMPLES 
The earliest S-matrix computation seems to have appeared in an 1862 
paper by Stokes on the scattering of light by regularly stratified media [12], 
but the theory of radiative transfer did not begin to emerge as a distinct 
discipline until the work of Schuster in 1905 on scattering of light in a foggy 
atmosphere [13] (following Rayleigh), and its application by Schwarzschild to 
determine temperature distributions in stellar atmospheres. Eddington, 
Jeans, Mime, and many others have made this theory an important branch 
of mathematical astrophysics with a high level of analytical development 
[14, 15, 231. Its central problem is this: Find the equilibrium distribution of 
radiation given the stationary flux incident on a scattering medium occupying 
some restricted region of space. 
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The S-matrix relates the incoming radiation to the outgoing part of the 
equilibrium distribution only, leaving aside consideration of the distribution 
inside the medium, which may be unobservable. Albedo problems belong to 
this category, a concept from astrophysics which was introduced into neutron 
diffusion theory by Amaldi and Fermi [16, Sect. 6; 17, Sect. 1201, and 
enlarged by Ribarii: to become the foundation for an entire approach to 
transport theory [18, 19, 201. In his terminology the S-matrix is a special 
“albedo operator” [20, Chap. I, Sect. a.l], as is U(+co, -co). 
The time-independent model (equilibrium distribution) is constructed 
from a time-dependent model in which radiation is regarded as consisting 
of classical point-particles described by a discontinuous Markov process. 
However the resulting S-matrix is only part of the full scattering operator 
U(+ a, - 00). The latter is constructed from the time-dependent operator 
U(t, , ti) in such a way as to preserve all information about the asymptotic 
behavior of the system at t = Ffoo. The traditional S-matrix of radiative 
transfer theory, on the other hand, consists only of matrix elements taken 
between vectors in the function space 
9(X) = {e E@(X) j U(t)* e = e for all t} 
and the quotient space V(X&@(X)l. (Alternatively, one can replace 
V’(X)/$(X)L by a linear space of beams of particles, each beam being a 
Poisson-Wiener chaos homogeneous under the action of the group of the 
unperturbed flow. However, as in the case of plane wave “eigenfunctions” 
associated with points in the continuous spectrum of a quantum mechanical 
Hamiltonian, this brings in mathematical complexities and difficulties of 
physical interpretation.) e is in 9(X) if and only if it is constant on trajectories 
of the flow. 
These matrix elements between e E$(X) and @ E z+“(X)/$(X)~ are equal 
to (e, U(+ 00, -co) cl), where p is any member of the equivalence class $ 
with support in 
Xi, = {x0 E X / b,(x,) = 0 for all t < 0}, 
that part of phase space representing particles which have never been in the 
scattering medium. 
U(+ 00, - m) contains information which is lost in the mapping p --+ fi. 
For example, 
<e, U(+m,--00)~) =<U(t)*e, U(+CO,-C~)~) 
= <e, u(t) U(+co,---)p) = (e, U(+00, -co) U(t)p) 
by (8), so information about the extrication time of a probability packet 
from the scatterer may not be obtainable from the traditional S-matrix. Yet 
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experiments in which neutron pulses are scattered by subcritical assemblies 
are often designed to obtain just that decay time [21, Chap. VIII; 221. 
If the support of p is in Xi, as above, then 
since U(--t)* e = e and F’(t) U(--t) p = U(t) U(-t) ,U = p for t > 0. So in 
the traditional theory existence of the limit is obtained by passage to the 
quotient space rather than to a moving system of coordinates as is done 
in U(t, -t). 
The case in which the scattering medium is stratified in parallel planes has 
received the most and earliest attention [14, 15, 23, 24, 251. X is the six- 
dimensional Euclidean phase space E6 for a particle of unit mass. Conditions 
(i) and (ii) of Section 2 are satisfied trivially by taking X, = X for all 112, and 
6, bounded. The flow of Eq. (1) is given by xt = (x,, , tv, + v,,) for all 
x0 = (x0 , vs) E E6 . b,,(x’l), x@), xt3), G, G), n@)) is independent of xc2) and 
x(s) (stratification) and is zero for x cl) > 0 (the region external to the scatterer). 
Incoming probability distributions are contained in Y((Lz E E, / v(l) <: 0)) 
and it is easy to see that Q( U(0, -co)) contains this subspace, so U(0, -a) 
has a sufficiently large domain for its role in 
u(+co, -co) = Ly+co, 0) U(0, -co). 
(On the other hand, g(U(O, -co)) # V(E,) in general. If 
b,(-l,O,O,O, LO) #O 
and scattering events are isotropic and elastic (v, is uniformly distributed on 
the surface of a sphere of radius [ v 1 in v-space) then 
In most case g( U( + co, 0)) = Y(E,) so 
+‘-(u(+ ~0)) 3 u(O, - 00) T&). 
This is a consequence of the following result. Define K to be the set of all 
x = (x, v) E E6 such that x is in the closed convex hull of the scattering 
region. Define 
X ~~~~ = {x0 1 xt E K for some t > O}. 
592 J. M. COOK 
Assume that 
and 
for all p as t -+ + co. 
The first assumption is true for any scattering medium since only the 
velocity of a particle is changed by a collision, not its position. The second 
assumption is true for a wide class of media including slabs and infinite half- 
spaces with isotropic elastic scattering (Schuster-Schwarzschild models) or, 
if inelastic scattering is permitted, up-scattering (in energy) of the kind 
present in realistic models of neutron thermalization [17, Sect. E.I]. Even- 
tually all of the radiation in the scattering region leaks out. 
Further, assume that 6, is bounded but not necessarily stratified, and that 
bO(x, 0) = 0 for all x, to avoid an inconsequential special case. Then condi- 
tions (9) and (10) imply 
Proof. First we show that a stronger condition than (10) is implied. Not 
only does the probability that the system is in K vanish, so does the prob- 
ability that it will ever be in K (15). Its albedo coefficient [20, Chap. I, 
Sect. a.21 is 1. But the perturbation B never again acts on the system once it 
has left K for good, so then we can show that with probability increasing to 
one, V acts like U (17). 
(v(t) p) (XK,M) = (uo(t> Co (Xi,d + Jot (Vt - S> hUo(s) CL) (XK,in> ds 
(11) 
bY (3). 
0 < U&) < U(f) and we can assume p 3 0, so 
which we can assume to be zero since b,(., 0) = 0 implies 
trivially. Therefore the first term, (U,,(t) p) (XK,in), goes to zero as t + + 00. 
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The integrand in the second term is dominated by 
(still assuming p 2 0), which is integrable on [0, + co). 
(lo” II J4Uo(s) P II ds < II P II by (3) or [8, Eq. @)I.) 
Therefore there exists a t, such that 
for all t 3 t, . 
To show that 
(13) 
as t + 0, we look at the integrand. 
(Vt - s> hUo(s) CL) CXK.d 
= (v(t - s) &U&s) P) (K) + (vCt - s, &U&f) P) fXK,in - K)- 
(14) 
The first term on the right goes to zero by (10). 
Define 
X K,OUt = {x0 1 xt E K for some t < O}. 
Then 
so, by (9) and (4), 
Uo(s) qG.O”t) c q&,mt) 
w - s> (&.ollt) c q%*o”t). 
Therefore V(t - s) &U,(s) p E T(X,,,,t), so 
tvCt - s> BIUO(s) CL) (XK.in> = CvCt - s, BIUo(s) P) CXK.in n XK.Out)* 
But XK,rn r\ XK,,,,,t = K by convexity so 
(v(t - $1 KUo(s) PFL) (XK.in - K) = 0. 
Therefore 
as t + + cc by (14), and then (13) holds by Lebesgue’s bounded convergence 
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theorem. Equations (12) and (13) together imply that the last term in (11) 
goes to zero. Therefore 
( v(t> PL) (XK.in) + O (15) 
as t--fc.0. 
Redefine t, so that (V(t) CL) (XK,in) < e/2 for t 2 t, . Then 
II w - U(s)> w> CL II < ll(W - U(s)) Pout II + E (16) 
for all s > 0 and t > t, , where poUt E V(X - XK,in). But U(s) equals U,(s) - 
on -YW - &.d so, by (31, 
(V(s) - U(s)> pJut = i ’ V(s - s’) B,U(s’) pout ds’ 0 
since 
= 
i 
’ V(s - s’) 0 ds’ = 0 
0 
U(S’) poUt E V(X - XK,in) C Y(X - K) and B,v-(X - K) 
Therefore 
II(W) - U(s)> pout II = 0 and IIPW - w> w P II < E 
by W). 
As in the corollary to Theorem 1, this completes the proof that U(+ co, 0) 
exists on all of T(X). So 
qu(+c.o, -co) = cqU(O, -co)). 
If particle absorption (annihilation) is permitted then to the one-particle 
space Es must be adjoined the zero-particle space X(O) = E, [26, 21. It 
contains only one element, representing that state of the system in which 
no particles exist. (The scattering medium is still present in E, but it is 
represented by B, not by particles in a phase space.) Now 
x = X(1’ ” X(O) 
(external union u), with X(l) = E, . 
It is easy to see that the preceding results on g(U(O, -00)) and 
.Q( U( + ~0)) still hold. 
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If particle creation (e.g., by nuclear fission) is permitted, then X must be 
enlarged much further by adjoining the n-particle spaces Xcn). 
x = (j X(n) 
n=Q 
where Xln) is the Cartesian product of 12 copies of X(l) [26, 21. 
X(n) = X'l' 
i 
x . . . x xm, 
V / 
?I 
with the product topology and measure structure. p(Xta)) is the probability 
that the system contains exactly n particles. 
Photon-photon and neutron-neutron collision cross sections are almost 
always considered to be negligible. Then the dynamics of the process, given 
by V and U, is that of a branching process [3, 26, 21. 
Here (10) appears as a special case of the notion of subcriticality. It has 
several definitions but they are known to be equivalent at least in the one- 
dimensional monoenergetic case [27]. For present purposes it is convenient 
to select that definition according to which the system is subcritical if and 
only if the expected number of neutrons in the reactor, as we will henceforth 
call the particles and scattering region, always goes to zero as t -+ + co. In 
order to be more precise, first define a linear mapping [2, p. 5471 
w: a?(X’l’) --+ @ LB 
( 1 
ij X(Q) 
n=o 
bY 
(w(f)) (x(l) x *** x x(n)) = f f(P) 
K=l 
for all x(l) X ... x x(“) E Xtn) and all n = 0, l,... . (The projective limit 
is the linear space of all measurable real-valued functions on X = (Jr==, X(n) 
which are bounded on each Xc@.) If 6, is the characteristic function of any 
measurable subset of X(l), then (w(S,), p) is the expected number of particles 
in Y [2, p. 5471. In particular, if Y = X(l) and hence 6, = 1, then (w(l), p) 
is the expected number of particles. Let KC X(l) = Es be as before the 
(x, v)-cylinder based on the closed convex hull of the reactor in x-space. 
Define the system to be subcritical if and only if 
<ww, w> P> + 0 (18) 
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as t -+ fco, for all p such that (w(l), CL) exists. (This last condition, that the 
expected total number of neutrons be finite, p E s(w(l)), is necessary. 
B # 0 implies that there exists a probability distribution CL,, C$ g(w(l)) such 
that lim SUP++~ <4sid V) Ilo) = a.1 
The analog of (9) is 
(w(1 - S,), B, .) c 0. (19) 
It asserts, as did (9), that any collision (collisions occur only in K) will 
transfer the neutron to another state which is also in K. This follows from the 
nature of any scattering medium and, unlike (18) is not a restriction on the 
medium. 
These two hypotheses, (18) and (19), together with b,(Xu)) bounded and 
b&x, 0) = 0 for all (x, 0) E X(l), again imply g( U( + co, 0)) = V(X). 
The proof for this branching process, X = u,“=, Xcn), can be reduced to 
the previous proof, X = X(l) = E, , by a simple trick. Adjoint to w is the 
unbounded linear transformation w * = M from a domain in V(X) onto 
V(X’1’). 
M: 9(w( I)) ---f v-(X(l)) 
is the marginal projection, well known in classical statistical mechanics, which 
takes probability distributions on phase space down to expected particle 
density measures on E6 , 
The “first-” and “last-collision equations” (3) and (4) for probability 
distributions p on (J,“=,, Xtn) become the “first-” and “last-collision integral 
transport equations” respectively for Mp on X(l). (See [2, Sect. 8.5; 3, p. 88; 
17, Sect. 113; 21, Sect. 2.3; 23, Sect. 3.6; 28, Sect. 43.) They play the same 
role in the proof of the analog of (15) as did (3) and (4) there. Equations (18) 
and (19) become (10) and (9) by dj a ‘ointing w to M. The proof is essentially 
the same and need not be repeated. 
In spite of the length of the proof and the necessity for some familiarity 
with formal apparatus from the theory of branching processes [2, Sect. 8.5; 
8, Sect. 31, it is certainly by no means deep. The result was stated in [2, 
p. 5741 and [29, p. 1121 without explicit proof. One need only note that if 
all the neutrons are, with probability one, eventually going to leave the region 
in which the perturbation acts, then they are eventually going to be governed 
by the unperturbed semigroup U. The strength of the result rests on the 
strength of the subcriticality hypothesis (18) which is usually hard to verify. 
As for U(0, -co), it is easy to see that if K is bounded and b, is bounded 
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on X(l) with b,(x, 0) = 0 as before, then 9(U(O, -co)) = Y(X). So, with 
both sets of hypotheses, 
cqu(+co, -09) = V(X) 
for a subcritical reactor. 
Actual expressions of these asymptotic operators in closed analytic form 
are as rare as closed-form expressions for V’. (In fact, given such an expression 
for U(0, - co) we automatically have one for V on U(0, - co) V(X) by means 
of (7).) The great body of analytic work on stratified slabs, infinite half- 
spaces and spheres {14, 15, 23, 24, 251 has to do with projections of V from 
YJE,) down to the quotient space obtained by removing the degrees of 
freedom permitted by the stratification (x-y translation and axial symmetry). 
The rod model, the truly one-dimensional transport process, has been 
thoroughly analyzed [12, 13, 24, 30, 31, 321. A complete analytic solution 
for V has been found for the monoenergetic rod with pure scattering and 
also with scattering and absorption [33; 34, Sect. 7; 35, Sect. 61. From that 
expression simple analytic expressions for U(+CO, 0), U(0, -co) and 
U( + 00, - co) can be found in a straightforward way. 
Beyond the rod model however it seems that, as is generally the case in 
transport theory, one must resort to numerical approximation. 
REFERENCES 
1. J. E. MOYAL, Discontinuous Markoff processes, Acta Math. 98 (1957), 221-264. 
2. J. M. COOK, Mathematical foundations, in “Computing Methods in Reactor 
Physics” (H. Greenspan, C. N. Kelber, and D. Okrent, Eds.), Chap. 8, Gordon 
and Breach, New York, 1968. 
3. T. E. HARRIS, “The Theory of Branching Processes,” Prentice-Hall, Englewood 
Cliffs, NJ, 1963. 
4. T. KATO, “Perturbation Theory for Linear Operators,” Springer-Verlag, New 
York, 1966. 
5. H. P. STAPP, S-matrix interpretation of quantum theory, Phys. Rev. D 3 (1971), 
1303-l 320. 
6. J. M. JAUCH, Theory of the scattering operator, H&J. Phys. Acta 31 (1958), 
127-158. 
7. W. BRENIG AND R. HAAG, Allgemeine Quantentheorie der Stossprozesse, Forts&. 
Physik 7 (1959), 183-242. 
8. J. M. COOK, Weak infinitesimal generators of a class of jump-perturbed Markov 
processes, J. Math. Anal. Appl. 44 (1973), 676-700. 
9. I. E. SEGAL, Symplectic structures and the quantization problem for wave equa- 
tions, Lecture at the Conference on Symplectic Geometry and Mathematical 
Physics, Institute of Higher Mathematics, Rome, January, 1973 (preprint). 
10. J. M. COOK, Convergence to the Moller wave-matrix, Studies in Appl. Math. 26 
(1957), 82-87. 
598 J. M. COOK 
11. E. B. DYNKIN, “Markov Processes,” Academic Press, New York, 1965. 
12. G. STOKES, On the intensity of the light reflected from or transmitted through a pile 
of plates, Proc. Roy. Sot. Ser. A II (1862), 545-556. 
13. A. SCHUSTER, Radiation through a foggy atmosphere, Astrophys. J. 21 (1905), 
l-22. 
14. E. HOPF, “Mathematical Problems of Radiative Equilibrium,” Stechert-Hafner 
Service Agency, New York, 1964. 
15. S. CHANDRASEKHAR, “Radiative Transfer,” Oxford University Press, London, 
1950. 
16. E. AN~ALDI AND E. FERMI, On the absorption and diffusion of slow neutrons, 
Phys. Rev. 50 (1936), 899-928. 
17. E. AMALDI, The production and slowing down of neutrons, “Encyclopedia of 
Physics” (S. Fliigge, Ed.), Vol. XXXVIII/Z, Springer-Verlag, Berlin, 1959. 
18. M. RIBARIC, The relation between the reflection properties of the body and the 
reflection properties of its parts, Arch. Rational Mech. Anal. 8 (1961), 381-407. 
19. M. RIBARIE, The relation between the reflection properties of the body and the 
reflection properties of its parts. II, Arch. Rational Mech. Anal. 16 (1964), 196-213. 
20. M. RIBARIE, “Functional-Analytic Concepts and Structures of Neutron Transport 
Theory,” Institut “ Jozef Stefan,” Ljubljana, 1973. 
21. M. M. R. WILLIAMS, “Mathematical Methods in Particle Transport Theory,” 
Butter-worth, London, 1971. 
22. ROBERT E. UHRIG, “Neutron Noise, Waves, and Pulse Propagation,” USAEC 
Division of Technical Information Extension, Oak Ridge, 1967. 
23. K. M. CASE AND P. F. ZWEIFEL, “Linear Transport Theory,” Addison-Wesley, 
Reading, MA, 1967. 
24. G. M. WING, “An Introduction to Transport Theory,” Wiley, New York, 1962. 
25. R. E. BELLMAN, R. E. KALABA, AND M. C. PRESTRUD, “Invariant Imbedding and 
Radiative Transfer in Slabs of Finite Thickness,” American Elsevier, New York, 
1963. 
26. J. E. MOYAL, The general theory of stochastic population processes, Acta Math. 
108 (1962), l-31. 
27. P. J. BROCKWELL AND J. E. MOYAL, The characterization of critically for one- 
dimensional transport processes, J. Math. Anal. AppZ. 22 (1968), 25-44. 
28. J. E. MOYAL, Multiplicative population processes, J. Appl. Prob. 1 (1964), 267-283. 
29. J. M. COOK, Banach algebras and asymptotic mechanics, “Applications of Mathe- 
matics to Problems in Theoretical Physics” (F. Lurcat, Ed.), pp. 209-247, Gordon 
and Breach, New York, 1967. 
30. R. REDHEFFER, On the relation of transmission-line theory to scattering and 
transfer, Studies in AppZ. Math. 41 (1962), 141. 
31. P. J. BROCKWELL, Multiplicative transport processes in one dimension, J. Math. 
Anal. AppZ. 16 (1966), 173-187. 
32. R. BELLMAN, Scattering processes and invariant imbedding, ]. Math. Anal. AppZ. 
23 (1968), 254-268. 
33. P. J, BROCKWELL AND J. E. MOYAL, Exact solutions of one-dimensional scattering 
problems, Nuooo Cimento 33 (1965), 776-796. 
34. J. E. MOYAL, Multiplicative first-passage processes and transport theory, “Trans- 
port Theory” (R. Bellman, G. Birkhoff, and I. Abu-Shumays, Eds.), pp. 198-212, 
Amer. Math. Sot., Providence, RI, 1969. 
35. P. J. BROCK~LL, Stochastic population processes in the theory of radiative 
transfer, J. AppZ. Prob. 7 (1970), 272-290. 
